THEOREM A. Suppose k is a positive integer and M is a closed connected point set in Euclidean space of two dimensions such that (1) if PI, P2, ... Pk are any k distinct points ofM, then M -(Pl + P2 +... + Pk) is disconnected.
(2) if Ql, Q2,. . . Qk-1 are any (k -i) distinct points of M, then M-(Ql + Q2 * . Qk-1) is connected.
Under these conditions, M is a continuous curve.'
Proof.-Let us suppose that M is not connected im kleinen. Then there exists a point P belonging to M and a circle K with centre at P, such that within every circle whose centre is P there exists a point which does not lie together with P in any connected subset of M that lies entirely within K. Let K,, K2 . .. denote an infinite sequence of circles with centre at P and radius r/2n, where r is the radius of K. Let X,, denote a point within Kn such that X. and P do not lie together in a connected subset of M which lies entirely within K. Let It may easily be proved that M1 + P is connected and connected im kleinen. Thus there is an arc AP from A to P lying wholly on M1 + P. We shall now show that this arc AP contains the whole of M1 + P. For suppose some point H of M1 not on the arc. Then there is on Ml + P an arc HP from H to P. Let T denote the first point of the arc AP which is an arc of HP. Now as H # A, M-H = G1 + G2, two mutually separated sets of which G2 contains P. Hence the connected set [M2 + P + arc AP] is on G2, which is thus unbounded. But we have proved that A cannot belong to the unbounded set. Thus all points of M1 + P are on arc AP. VOL. 9, 1923 Let T be any bounded closed connected subset of M containing A. If S is any point of M not belonging to T, then M -S = M1 + M2, where M1 contains A and is bounded. It follows that T belongs entirely to M1.
But Mi+ S is an arc of M from A to S. If P is any point of arc AS -T, then there is an arc PS of M free entirely of points of T. As any bounded closed connected subset containing more than one point of an arc is still an arc the set T must be an arc from A to some point H of M1. Now M -H1 = W1 + W2, two mutually separated sets of which Wi contains A. It follows that W1 + H1 is the set T while H1 is the only point of T which is a limit point of M -T. Thus M is a ray from A.
Lemma B. In case k = i, the set M of § i is unbounded. Lemma C. In case k = I, the set M of § i contains no simple closed curve. Proof.-Suppose M -P = M1 + M2, two mutually separated sets. It follows that P + Mi (i = 1, 2) is a continuous curve. Hence by a theorem due to Kuratowski,7 there is a ray from P which is a subset of P + Mi (i = 1, 2). The sum of these rays is an open curve through P. (a) k = 2. Let H and K be two points of J such that Q' and T' separate H and K on J. Then it is clearthatJ -H -K + Q' TT' is connected, contrary to hypothesis. TYE1 has no point in common with J. But as T is within and E1 is without J, the arc TYE1 must have at least one point in common with J. Thus in case a' we are led to a contradiction.
(b') E is within J. Hence E is either (i) within HQ'TT'H or (ii) within Q'KT'TQ'. But in case (i) we have a point E within HQ'TT'H and a point
